The approximative theorems of incomplete Riemann-Stieltjes sums of Ito stochastic integral, mean square integral and Stratonovich stochastic integral with respect to Brownian motion are investigated. Some sufficient conditions of incomplete Riemann-Stieltjes sums approaching stochastic integral are developed, which establish the alternative ways to converge stochastic integral. And, Two simulation examples of incomplete Riemann-Stieltjes sums about Ito stochastic integral and Stratonovich stochastic integral are given for demonstration.
Introduction
Ito stochastic integral and Stratonovich stochastic integral take important roles in stochastic calculus and stochastic differential equation. Both of them can be expressed in the limit of Riemann-Stieltjes sum [1] [2] [3] [4] , though they can be modeled by martingale and semimartingale theory [5] [6] [7] [8] [9] [10] [11] [12] [13] . [14] proposes the deleting item Riemann-Stieltjes sum theorem of definite integral, which can also be called incomplete Riemann-Stieltjes sum. As definitions of martingale and semimartingale are still relative to integral including definite integral, and the stochastic Riemann-Stieltjes sum limit provides convenient way for numeral solution, the most important, stochastic integral and stochastic differential equation are mutual determined , is there alternative way of stochastic integral to describe the stochastic integral and stochastic differential equation convergence in mean square limit or in probability sense? In fact, [14] has revealed that definite integral is not uniquely determined by differential equation according to deleting item Riemann-Stieltjes sum theorem. Furthermore, there is another stochastic integral, mean square integral [15] [16] [17] [18] , is involved in stochastic calculus. Motivated by above reasons, we concentrate on the limits of incomplete Riemann-Stieltjes sums of Ito stochastic integral, Stratonovich stochastic integral and mean square integral.
The rest of the paper is structured as follows: Section 2 briefly reviews definitions of Ito stochastic integral, mean square integral and Stratonovich stochastic integral. Section 3 constructs incomplete Riemann-Stieltjes sum approximating theorems of Ito stochastic integral, mean square integral and Stratonovich stochastic integral. Section 4 extends incomplete RiemannStieltjes sum approximating theorem of stochastic integral. Simulations of incomplete Riemann-Stieltjes sum approximating are demonstrated in Section 5 and discussion is given in Section 6.
Brief review of stochastic integral
Let (Ω, F , (F t ) t∈[0,T ] , P ) be a probability space where (F t ) t∈[0,T ] is a complete right continuous filtration generated by 1-dimensional standard Brownian motion (or Wiener process) (B t ) t∈[0.T ] and each F t containing all P −null sets of F 0 . A stochastic process Φ(ω, t) is a predictable or non-anticipating process if Φ(ω, t) ∈ (F t ) for each t, where ω ∈ Ω, which is also called adapted stochastic process. And, denote a stochastic process X(·, t) as X(t) = X t X(ω, t), Φ t Φ(ω, t). Denote l.i.m as limit in mean square.
Definition 1 Suppose that Φ(·, t) is a non-anticipating stochastic process with respect to the Brownian motion B t . Let △ n = {t 0 , t 1 , · · · , t n } be the partition : 0 = t 0 < t 1 
Definition 2 (Mean-square integration) Let X(·, t) be a second-order stochastic process on Ω×[0, T ], which is E[X 2 (·, t)] < +∞. For any partition :0 = t 0 < t 1 < · · · < t n = T , △ n = max 0≤i≤n−1 (t i+1 − t i ), and, for any
The mean-square integral T 0 X(t)dt is defined as the limit in mean square
provided that the limit exists for arbitrary partition and selected points u i .
Itô stochastic integral, it will be Stratonovich stochastic integral.
Definition 3 Suppose that Φ(·, t) is a non-anticipating stochastic process with respect to the Brownian motion B t . Let △ n = {t 0 , t 1 , · · · , t n } be the partition :
In fact, Stratonovich stochastic integral has an alternative formula as follows [3, 4] , it can be achieved by derivation while Φ(x, t) is 1-order differential with x [8] .
If function Φ(x, t) continuous in t, having the continuous derivative ∂Φ(x, t) ∂x . There is a relationship among Itô stochastic integral, mean square integral and Stratonovich stochastic integral as follows.
We will investigate the limit of incomplete Riemann-Stieltjes sums in mean square convergence,
and,
In [1] , Ito Stochastic integral is originally defined on B(ω, t) with no moving discontinuity, such that
Our investigation on stochastic integral with incomplete RiemannStieltjes sum will show the asymptotical limit behavior of discontinuity subintervals on continuous path of Brownian motion, which is, for any partition of [s, t], =⇒ ) and convergence in probability ( P −→), and two kinds of inequalities are involved in the discussion [20, 21] .
Lemma 2. Suppose that
Lemma 3.
(Hölder Inequality) Suppose that ξ, η are two random variables on (Ω, F , P ), for any real numbers p, q ∈ R satisfying 1 < p, q < +∞, and 1
If E|ξ| p < +∞ and E|η| q < +∞, then "=" holds only when ξ = 0 a.s. or η = 0 a.s. ,or there exists constant C so that |ξ| p = C|η| q a.s. . Lemma 4. (Minkowski Inequality) Suppose that ξ, η are two random variables on (Ω, F , P ), 1) For any real number p ≥ 1 ,
If E(|ξ| p + |η| p ) < +∞, then "=" holds only when p > 1, ξ = 0 a.s. or η = 0 a.s. ,or there exists constant C > 0 so that ξ = Cη a.s.;when p = 1, ξη ≥ 0 a.s. .
2) For 0 < p < 1,
If E(|ξ| p + |η| p ) < +∞, then "=" holds if and only if ξη = 0 a.s. .
Incomplete Riemann-Stieltjes Sum approximating of Stochastic integral
Since Brownian motion is of unbounded variation, the convergence of RiemannStieltjes sum of Ito stochastic integral is not in usual Riemann-Stieltjes sense, but something like Lebesgue sense. It is first defined on a class of simple functions, then extended to a large class of functions with isometry [1, 6] . The following notation is from [13] . Denote
is measurable and (F t ) adapted process, and for ∀T,
Incomplete Riemann-Stieltjes Sum approximating
of Ito Stochastic integral Lemma 5 . Suppose that Φ(·, t) is nonanticipative and Φ(·, t) ∈ L 0 , then
And,
Proof.
(1) Since Φ t is nonanticipative, and B t is incremental independent process.
(2) Using above conclusion, we obtain
Proof. As in [13] , the classical definition of Ito stochastic process is defined on L 0 ,L 2 and L loc 2 . We prove the conclusion step by step in a concise way, the detail proof will refer to [13] .
(1) For Φ t ∈ L 0 , we first discuss
According to Lemma 5 , we obtain
According to Lemma 1, we obtain [13] Proposition1.5 in pp18 , pp26-27), according to above conclusion, [13] Lemma 1.5,1.6 in pp14-17, pp 33). As shown in above conclusion,
where J is the index number of partition [0,T], and J K means abandoning finite K items in J. According to the above conclusion, the Ito stochastic integral still holds in the incomplete Riemann-Stieltjes sum in mean square convergence . Which end of the proof.
Incomplete Riemann-Stieltjes sum approximating of mean square integral
In this section, we discuss the incomplete Riemann-Stieltjes sum approximating theorem of mean square integral.
2 is bounded or Riemann integrable, then
. Then, L 2 is a complete inner product space (Hilbert space) [8, 17] . According to distance-inequality, we have
Therefore, lim
That means
According to Lemma 1, we have
Incomplete Riemann-Stieltjes sum approximating of Stratonovich Stochastic integral
We will discuss the incomplete Riemann-Stieltjes sum of Stratonovich Stochastic integral in this section, and we only investigate the form of formula (3). Although Φ t in Ito stochastic integral is nonanticipative, Φ(
is not non-anticipating with respect to B t j+1 −B t j . Generally E[Φ(
, t j ) (B t j+1 − B t j )] = 0. However, we still have following conclusion. We still follow the original idea that Stratonovich Stochastic integral is obtained by substituting Φ(B t j , t j ) with Φ(
which ends the proof.
(Hölder inequality)
Proof According to Lemma 6, we obtain
Remark For the Stratonovich Stochastic integral in formula (4), we can easily prove Lemma 6 and Theorem 3 still hold.
Considering Theorem 1 ,Theorem 2 and Theorem 3, we can reach the conclusion about incomplete Riemann-Stieltjes sums approaching theorems of the three stochastic integrals as follows.
Theorem 4. Suppose Φ(x, t) is continuous in t, and has the continuous
Φ(B(t), t)dB(t) and
Proof According to Theorem 1, Theorem 2 and Theorem 3, it is easily to prove that the conclusion holds.
Remark. In discussion of Ito stochastic integral, we do not strictly discriminate L p from L p,T in order to coincide with the expression in references, and so on.
Extension of Incomplete Riemann-Stieltjes sum approximating Theorems
In Section 3, for fixed K, the incomplete Riemann-Stieltjes sum approximating Theorems are investigated with fixed J K from J, if all possible combination of J K ⊂ J are considered, there will be a large number of incom-plete Riemann-Stieltjes sums converge to correspondent stochastic integrals respectively. Furthermore, let K changes along with n, denote as K(n) ∈ N + (0 < K(n) < n), and J K(n) = {i 1 , · · · , i K(n) } ⊂ J. And, J \ J K(n) = {0, 1, · · · , n − 1}\{i 1 , · · · , i K(n) }. Since the partition △ n of [0,T] could be arbitrary, to avoid complicated discussion, we only discuss the concise case of equal partition.
which means ∆t j = T n , j = 0, 1, · · · , n − 1, and △ n = T n . We can extend all of Theorem 1,Theorem 2,Theorem 3 and Theorem 4.
Theorem 5. If 
Proof: We only examine the formula (24), and it is easily to see formula(24) holds for L 0 when K is replaced by K(n), then it does hold for L 2 and L loc 2 subsequently, which ends the proof. 
where ∀u j ∈ [t j , t j+1 ]. Proof: The proof is similar to Theorem 5, it only need to check formula (35)(36) and Theorem 5 in [14] when K is replaced by K(n). 
The proof is similar to Theorem 5, we can only check formula (41) and (43) when K is replaced by K(n). They still hold. Hence it ends the proof. 
For fixed natural number K ∈ N + (0 < K < n), J K = {i 1 , · · · , i K } ⊂ J is one possible combination, there will be C K n incomplete Riemann-Stieltjes sums. Therefore, we have the following theorems.
Theorem 9. For fixed K,
For fixed K(n),
where ∀u j ∈ [t j , t j+1 ]. Theorem 11. For fixed K,
Remark. Specifically,when K(n) = n r , 0 < r < 1, lim According to Theorem 3 and Theorem 7, all the incomplete Riemann-Stieltjes sums in Theorem 11 will converge to Stratonovich stochastic integral. In addition, the J K s in Theorem 4 can not be same, so do the J K(n) s in Theorem 8.
Furthermore, when r ∈ (0, 1) for incomplete Riemann-Stieltjes sums of Ito stochastic integral and mean square integral, and r ∈ (0, 1 2 ) for Stratonovich stochastic integral are considered, the number of incomplete Riemann-Stieltjes sums for each of the three stochastic integrals is uncountable, while n → +∞.
Even in equal partition case, we construct a lot of Riemann-Stieltjes sums to approach each stochastic integral in mean square convergence sense. For the arbitrary partition cases, there ought to exist more numerous incomplete Riemann-Stieltjes sums converging to the specified stochastic integral. Hence, there exist uncountable infinite number of Riemann-Stieltjes sums while the complete Riemann-Stieltjes sums converge to each stochastic integral.
According to above analyses, we obtain the following theorem. Theorem 12.
There are uncountable incomplete Riemann-Stieltjes sums for Ito stochastic integral, mean square integral and Stratonovich stochastic integral respectively converging to their own stochastic integral in mean square convergence sense, along with n → +∞.
Proof. Since Ito stochastic integral, mean square integral and Stratonovich stochastic integral are integrable, we only check the equal partition case. According to Theorem 9,Theorem 10 and Theorem 11, the number of incomplete Riemann-Stieltjes sums with respect to K(n) can be calculated, given fixed n. And, even for r ∈ (0, 1) or r ∈ (0, 1 2 )
To investigate whether the three incomplete Riemann-Stieltjes sum sets with respect to K(n) in Theorem 9,Theorem 10 and Theorem 11 are countable or uncountable while n → +∞, we now consider the following sets along with the process that n → +∞ as △ n → 0.
We only discuss the case r ∈ (0, 1 2 ). The above three sets are related to natural number n and real number r. Since n r is strictly monotonic increasing function in r ∈ (0, 1 2 ). For ∀0 < r 1 < r 2 < 1 2
, whatever how much r 1 , r 2 could be small, as n r 1 < n r 2 , and lim ) to each subset of formula (59)(60)(61). Since (0, 1 2 ) is uncountable, the numbers of the three sets in formula (59)(60)(61) are uncountable as n → +∞. Therefore it ends the proof.
Simulation of Incomplete Riemann-Stieltjes sum Approximation of Stochastic Integral
The Brownian motion involved in the simulation is generated according to algorithm in [22] .
Simulation of Incomplete Riemann-Stieltjes sum approximation of Ito stochastic integral
To demonstrate the simulation of incomplete Riemann-Stieltjes sum approximating theorem of Ito stochastic integral
we design two simulations:
(1) Let T = 1,n = 10 6 ,r = {0, 0.1, 0.2, · · · , 0.9}, where r = 0 represents the normal standard complete Riemann-Stieltjes sum, and J = {0, 1, 2, · · · , n− 1}. Then, we adopt three strategies, J n r = {0, 1, 2, · · · , n r − 1}, J n r = {i 1 , i 2 , · · · , i n r } ∈ J, ∀{i 1 , i 2 , · · · , i n r } ∈ J, and J n r = {n − n r , · · · , n − 2, n − 1}, which means deleting the forth n r items in complete Riemann-Stieltjes sum, randomly deleting n r items in complete Riemann-Stieltjes sum and deleting the end n r items in complete Riemann-Stieltjes sum, and denote as IRS b ,IRS r ,IRS e respectively. The simulation results are shown in Figure 1 . (2) Above experiment is only one realization of stochastic orbit. We iterate the simulation N = 10 5 times, and define the statistic mean absolute error (MAE) as follows:
where T = 1, n = 10 6 ,r = {0, 0.1, 0.2, · · · , 0.9}, and we still adopt three strategies, J n r = {0, 1, 2, · · · , n r −1}, J n r = {i 1 , i 2 , · · · , i n r }, ∀{i 1 , i 2 , · · · , i n r } ∈ J, and J n r = {n−n r , n−n r +1, · · · , n−1}, , and denote as MAE b ,MAE r ,MAE e respectively. The simulation results are shown in Figure 2 . Figure 2 verify the above result in Figure 1 , and also show that deleting the forth items strategy is better than the other two strategies.
And deleting end strategy is the worse result. In fact, T 0 B t dB t is pathdependent, deleting the end items will greatly affect the final integral result. Hence the deleting item of Ito stochastic integral is also path-dependent.
Simulation of Incomplete Riemann-Stieltjes sum Approximation of Stratonovich Stochastic Integral
To demonstrate the simulation of incomplete Riemann-Stieltjes sum approximating theorem of Stratonovich stochastic integral
(1) Let T = 1,n = 10 6 ,r = {0, 0.1, 0.2, · · · , 0.9}, where r = 0 represents the normal standard complete Riemann-Stieltjes sum, and J = {0, 1, 2, · · · , n− 1}. Then, we adopt three strategies, J n r = {0, 1, 2, · · · , n r − 1}, J n r = {i 1 , i 2 , · · · , i n r }, ∀{i 1 , i 2 , · · · , i n r } ∈ J, and J n r = {n − n r , n − n r + 1, · · · , n − 1}, which means deleting the forth n r items in complete Riemann-Stieltjes sum, randomly deleting n r items in complete Riemann-Stieltjes sum and deleting the end n r items in complete Riemann-Stieltjes sum, and denote as IRS b ,IRS r ,IRS e respectively. The simulation results are shown in Figure 3 .
(2) Above experiment is only one realization of stochastic path. We iterate the simulation N = 10 5 times, and define the statistic mean absolute error (MAE) as follows:
where T = 1, n = 10 6 ,r = {0, 0.1, 0.2, · · · , 0.9}, and we still adopt three strategies, J n r = {0, 1, 2, · · · , n r −1}, J n r = {i 1 , i 2 , · · · , i n r }, ∀{i 1 , i 2 , · · · , i n r } ∈ J, and J n r = {n−n r , n−n r +1, · · · , n−1}, and denote as MAE b ,MAE r ,MAE e respectively. The simulation results are shown in Figure 4 .
Note that in Theorem 7 and remark of Section 4, the sufficient condition for convergence of incomplete Riemann-Stieltjes sum of Stratonovich Figure 4 : MAE indexes of deleting the forth n r items, randomly deleting n r items and deleting the end n r items in complete Riemann-Stieltjes sum of Stratonovich stochastic integral stochastic integral is K(n) = n r , 0 < r < 1/2. We perform on the r = {0, 0.1, 0.2, · · · , 0.9} to show the divergence of simulation on r ∈ {0.5, 0.6, · · · , 0.9}. We only propose an outline of simulation, and n = 10 6 is relatively small for n → +∞. The limit behavior simulations of incomplete Riemann-Stieltjes sums of stochastic integrals about complicated stochastic processes need high quality computer platform.
Conclusion
The incomplete Riemann-Stieltjes sum approximating theorems are developed for Ito stochastic integral, mean square integral and Stratonovich stochastic integral respectively. There are uncountable incomplete Riemann-Stieltjes sums approach to each stochastic integral when the originally defined RiemannStieltjes sum is converging, which reveals the complexity of simulation stochastic integral especially in stochastic finance and option pricing and non-uniqueness of stochastic integral and stochastic differential equation in stochastic process realization. In addition, incomplete Riemann-Stieltjes sum style can also be treated as a kind of discontinuity of integral interval.Hence, it provides a new view for the integral in convergence sense. Furthermore, our research is mainly based on Riemann framework, however Lebesgue integral is widely used in measure theory, probability theory and stochastic process, for example, the definitions of expectation,martingale and semimartingale are mostly in Lebesgue sense, how to realize and simulate the stochastic integral with respect to general martingale and semimartingale except Brownian motion, develop realizable expression for stochastic integral in Lebesgue sense and apply the theorems in stochastic finance would be our future interests.
